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In this paper, the basic governing equations for isotropic and homogeneous generalized thermoelastic half-space under
hydrostatic initial stress are formulated in the context of the Green and Naghdi theory of types II and III. These governing
equations are solved analytically to obtain the dimensional velocities in an xy-plane. It is shown that there exist three plane
waves, namely a thermal wave, a P-wave and an SV-wave. The reﬂection from an insulated and isothermal stress-free sur-
face is studied to obtain the reﬂection amplitude ratios of the reﬂected waves for the incidence of P- and SV-waves. Numer-
ical computations are carried out and comparisons made with the results predicted in the presence and absence of
hydrostatic initial stress. Also the eﬀect of the thermoelastic coupling parameter and the thermal condition on amplitude
ratios are shown graphically.
 2007 Elsevier Ltd. All rights reserved.
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The classical theory of thermoelasticity as exposed, for example, in Carlson’s article (1972) has been gen-
eralized and modiﬁed into various thermoelastic models that run under the label of hyperbolic thermoelastic-
ity (see the survey of Chandrasekharaiah, 1998 and Hetnarski and Ignazack, 1999). The notation hyperbolic
reﬂects the fact that thermal waves are modeled, avoiding the physical paradox of the inﬁnite propagation
speed of the classical model. In the 1990’s Green and Naghdi (1991), (1993) and (1992) proposed three new
thermoelastic theories based on entropy equality rather than the usual entropy inequality. The constitutive
assumptions for the heat ﬂux vector are diﬀerent in each theory. Thus, they obtained three theories they called
thermoelasticity of type I, thermoelasticity of type II and thermoelasticity of type III. When the type I theory
is linearized we obtain the classical system of thermoelasticity. The type II theory (is a limiting case of type III)
does not admit energy dissipation.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.01.022
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soil dynamics, aeronautics, astronautics, nuclear reactors, high energy particle accelerators, etc. The literature
on wave propagation in a linear isotropic generalized thermoelastic medium is limited. For example, Chandr-
asekharaiah (1997), employ the theory of thermoelasticity without energy dissipation to study the propagation
of Rayleigh waves in a half-space with plane boundary. Othman and Song (2006) studied the eﬀect of rotation
on the reﬂection of magneto-thermoelastic waves under thermoelasticity without energy dissipation. Sinha
and Elsibai (1996) investigated the reﬂection of thermoelastic waves at the interface of two semi-inﬁnite media
in welded contact. Singh and Kumar (1998a,b) and Singh (2001) also investigated some problems on wave
propagation in a linear isotropic generalized thermoelastic solid with additional parameters like microstruc-
ture and microstretch. Singh (2002) and Abd-alla et al. (2003) studied some problems on the reﬂection of
the generalized magneto-thermo-viscoelastic plane waves from a stress-free surface. Ezzat and Othman
(2001) applied the normal mode analysis to a two-dimensional electro-magneto-thermoelastic plane wave’s
problem with a medium of perfect conductivity. Othman (2005), (2004) used the same method to study the
eﬀect of rotation on plane waves in generalized thermoelasticity with one and two relaxation times. The prob-
lem of reﬂection of plane waves has been discussed by many authors, e.g., Abd-alla and Al-Dawy (2000), Shar-
ma et al. (2003) and Singh et al. (2006) etc. The studies of wave propagation in an isotropic generalized
thermoelastic solid with additional parameters provide information about the existence of new or modiﬁed
waves. This information may be useful for experimental seismologists in making predictions of earthquake
magnitudes. Recently, Montanaro (1999) investigated isotropic linear thermoelasticity with hydrostatic initial
stress.
This paper is organized as follows: First, the governing equations given by Montanaro (1999) are modiﬁed
in light of the GN theory (1993) for linear, isotropic and homogeneous cases. Second, the governing equations
are solved analytically for two-dimensional motion in an xy-plane to obtain the expression for the dimensional
velocities of three waves. Lastly, the expressions involving reﬂection amplitude ratios are calculated both the-
oretically as well as numerically. The numerical results are illustrated graphically to show the eﬀect of initial
stress, the thermoelastic parameter and the thermal boundary condition upon the reﬂection amplitude ratios.2. Formulation of the problem and solution
Following the Montanaro (1999) and the Green–Naghdi theory (1993) (of type III), the constitutive rela-
tions and ﬁeld equation for a homogeneous, isotropic thermoelastic solid with hydrostatic initial stress in the
absence of incremental body forces and heat sources arerij ¼ pðdij þ xijÞ þ 2leij þ kedij  akTHdij; ð1Þ
hi ¼ K oHoxi ; ð2Þ
U ¼ aT o
qokT
ekk þ ceH; ð3Þ
eij ¼ 1
2
ðui;j þ uj;iÞ; ð4Þ
xij ¼ 1
2
ðuj;i  ui;jÞ; ð5Þ
qo€ui ¼ l
p
2
 
ui;kk þ kþ lþ p
2
 
uk;ik  akTH;i: ð6ÞThe heat conduction equation under GN theory (of type III)KH;ii þ k _H;ii ¼ qoce €Hþ cT o€ui;i; ð7Þ
whereH = T  To, T is the temperature above the reference temperature To, k, l are the Lame parameter coun-
terparts, U is the speciﬁc internal energy measured from the reference state, ui are components of displacement
vector~u, hi are components of the heat ﬂux vector, p is the initial pressure, a is the volume coeﬃcient of thermal
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speciﬁc heat at constant strain, thermal conductivity andmaterial characteristic of the theory, respectively.When
k*! 0 Eq. (7) reduces to the heat conduction equation under the GN theory (of type II).
The displacement components have the following form:u1 ¼ uðx; y; tÞ; u2 ¼ vðx; y; tÞ; u3 ¼ 0: ð8Þ
From Eqs. (4) and (8), we obtain the strain componentse11 ¼ ouox ; e22
ov
oy
; e33 ¼ 0; e13 ¼ e23 ¼ e33 ¼ 0;
e12 ¼ 1
2
ou
oy
þ ov
ox
 
; e ¼ ou
ox
þ ov
oy
¼ ui;i: ð9ÞFor a two-dimensional solution in an xy-plane, Eqs. (6) and (7) can be written aso2u
ot2
¼ V 2T
o2u
ox2
þ V 2T  V 2S þ V 2P
  o2v
oxoy
þ V 2S  V 2P
  o2u
oy2
 a
kTqo
oH
ox
; ð10Þ
o2v
ot2
¼ V 2T
o2v
oy2
þ V 2T  V 2S þ V 2P
  o2u
oxoy
þ V 2S  V 2P
  o2v
ox2
 a
kTqo
oH
oy
; ð11Þ
K
qo
r2Hþ k

qo
r2 _H ce €H ¼ cT oqo
€e; ð12ÞwhereV 2T ¼
kþ 2l
qo
; V 2S ¼
l
qo
; V 2P ¼
p
2qo
; r2 ¼ o
2
ox2
þ o
2
oy2
: ð13ÞWe introduce the displacement potentials u and w by the relationsu ¼ u;x þ w;y ; v ¼ u;y  w;x; ð14Þ
and introduce the following dimensionless variables:xi ¼ xiV Tx1 ; ui ¼
ui
V Tx1
; H ¼ cH
kþ 2l ; u ¼
u
ðV Tx1Þ2
; w ¼ wðV Tx1Þ2
;
t ¼ t
x1
; rij ¼ rijkþ 2l ; x1 ¼
k
qoceV
2
T
: ð15ÞUsing Eqs. (14) and (15) Eqs. (10)–(12) reduce to (dropping the bar for convenience)o2u
ot2
¼ r2u bH; ð16Þ
o2w
ot2
¼ ðRH  RPÞr2w; ð17Þ
e2r2Hþ e3r2 _H €H ¼ e1r2€u; ð18Þwhere e = $2u, RH ¼ V
2
S
V 2
T
, RP ¼ V
2
P
V 2
T
, e1 ¼ c2T oq2oceV 2T, b ¼
a
ckT
is usually the thermoelastic coupling factor. e2 ¼ KqoceV 2T is
the characteristic parameter of the GN theory (of type II) and e3 ¼ kqoceV 2Tx1 is the characteristic parameter of
the GN theory (of type III). Eqs. (16) and (18) are coupled in u and H, whereas Eq. (17) is uncoupled.
3. Solution of the problem
For a harmonic wave propagated in the direction, where the wave normally lies in the xy-plane and makes
an angle h with the y-axis, the solutions of the system of Eqs. (16)–(18) are in the following form:
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where n is the wave number, m is the phase speed, (sinh, cosh) denotes the projection of the normal wave onto
the xy-plane, and u1, H1, w1 are arbitrary constants.
Substituting Eq. (19) into Eqs. (16) and (18), we arrive at a system of two homogeneous equationsn2ð1 m2Þu1 þ bH1 ¼ 0; ð20Þ
e1m
2n2u1 þ ½e2  ie3mn m2H1 ¼ 0: ð21Þ
In order to obtain the nontrivial solution of u1 and H1, the determinant of the system (20) and (21) should be
zero, so we obtainð1 m2Þ½e2  ie3x m2  be1m2 ¼ 0; ð22Þ
where nm = x is the velocity of coupled waves.
Eq. (22) is a quadratic equation in m2 and may be written asðm2Þ2  Lm2 þM ¼ 0: ð23Þ
whereL ¼ 1þ e2  ie3xþ be1; M ¼ e2  ie3x: ð24Þ
The solution of Eq. (23) can be given belowm21 ¼
Lþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2  4M
p
2
; m22 ¼
L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2  4M
p
2
; ð25Þwhich corresponds to the speeds of the P-wave and thermal wave, respectively.
Substituting Eq. (19) into Eq. (17) yields a wave speed of m3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RH  RP
p
for a shear wave.
Thus, there exist three plane waves, namely, the P-wave, the thermal wave and the SV-wave in a two-dimen-
sional motion in an xy-plane of a linear isotropic and homogeneous thermoelastic solid under hydrostatic ini-
tial stress and thermal disturbance. The above analysis corresponds to the case of a linear isotropic elastic
solid.
4. Reﬂection on a stress-free surface
We shall derive the relations between the reﬂection amplitude ratios, when P- and SV-waves incident at the
thermally insulated and isothermal stress-free boundary y = 0. For an incident (P or SV) wave, the thermal, P-
and SV-waves will be reﬂected as shown in Fig. 1. Accordingly, if the wave normal of the incident wave makes
the angle ho with the negative direction of the y-axis, and those of the reﬂected P, thermal and SV waves make
h1, h2 and h3 with the same direction.
4.1. For incident P-wave
The displacement potentials u, w and temperature H may be taken in the following forms:u ¼ Bo expfin1ðx sin h1 þ y cos h1Þ  ixtg þ A1 expfin1ðx sin h1  y cos h1Þ  ixtg
þ A2 expfin2ðx sin h2  y cos h2Þ  ixtg; ð26Þ
H ¼ g1Bo expfin1ðx sin h1 þ y cos h1Þ  ixtg þ g1A1 expfin1ðx sin h1  y cos h1Þ  ixtg
þ g2A2 expfin2ðx sin h2  y cos h2Þ  ixtg; ð27Þ
w ¼ B1 expfin3ðx sin h3  y cos h3Þ  ixtg; ð28Þ
wheregi ¼
n2i ðm2i  1Þ
b
; i ¼ 1; 2: ð29Þ
  y
 x
B
θ θ
θ
θ
0 
B1 
A2 
A1 
Fig. 1. Relation between the incident angle and the reﬂection angle.
M.I.A. Othman, Y. Song / International Journal of Solids and Structures 44 (2007) 5651–5664 5655Bo is the amplitude of incident P-waves, whereas A1, A2, B1 are amplitudes of the reﬂected P-wave, the thermal
wave and the SV-wave, respectively. The ratios of the amplitudes of the reﬂected waves and the amplitude of
the incident wave A1Bo ;
A2
Bo
; B1Bo give the corresponding reﬂection coeﬃcients. Also it may be noted that the angles
h1, h2, h3 and the corresponding wave numbers n1, n2, n3 are connected by the relations belown1 sin h1 ¼ n2 sin h2 ¼ n3 sin h3: ð30Þ
on the interface y = 0 of the medium, relation (30) may also be written assin h1
m1
¼ sin h2
m2
¼ sin h3
m3
: ð31Þ4.2. For incident SV-wave
The displacement potentials u, w and temperature H occur in the following forms:u ¼ A2 expfin1ðx sin h2  y cos h2Þ  ixtg þ B1 expfin2ðx sin h3  y cos h3Þ  ixtg; ð32Þ
H ¼ g1A2 expfin1ðx sin h2  y cos h2Þ  ixtg þ g2B1 expfin2ðx sin h3  y cos h3Þ  ixtg; ð33Þ
w ¼ Bo expfin3ðx sin h1 þ y cos h1Þ  ixtg þ A1 expfin3ðx sin h1  y cos h1Þ  ixtg ð34ÞBo is the amplitude of incident SV-waves. The ratios of the amplitudes of the reﬂected waves and the ampli-
tude of the incident wave A1Bo ;
A2
Bo
; B1Bo give the corresponding reﬂection coeﬃcients. Also it may be noted that the
angles h1, h2, h3 and the corresponding wave numbers n1, n2, n3 are connected by the relations belown3 sin h1 ¼ n1 sin h2 ¼ n2 sin h3: ð35Þ
on the interface y = 0 of the medium, relation (35) may also be written assin h1
m3
¼ sin h2
m1
¼ sin h3
m2
: ð36Þ5. Boundary conditions
For the stress-free surface y = 0, the boundary conditions are given by
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boundary conditions.
The dimensionless boundary conditions can be written as follows:ryy ¼ RP; ryx ¼ 0; oHoy þ hV Tx1H ¼ 0 at y ¼ 0: ð38ÞThe dimensionless variables ryy, ryx are given belowryy ¼ RP þ 2RH ovoy þ 1 2RHð Þe bH; ð39Þ
ryx ¼ 2 RH  RPð Þ ouoy þ 2 RH þ RPð Þ
ov
ox
: ð40Þ6. Expressions for the reﬂection amplitude ratios
6.1. For the incident P-wave
Using boundary conditions (38) and Eqs. (26)–(28), we can obtain the following relations:A1
Bo
a11 þ A2Bo a12 þ
B1
Bo
a13 ¼ b1; ð41Þ
A1
Bo
a21 þ A2Bo a22 þ
B1
Bo
a23 ¼ b2; ð42Þ
A1
Bo
a31 þ A2Bo a32 þ
B1
Bo
a33 ¼ b3; ð43Þin whicha1i ¼  2RHx
2 cos2 hi
m2i
þ ð1 2RHÞx
2
m2i
þ bgi
 
ði ¼ 1; 2Þ; a13 ¼ RHx
2 sin 2h3
m23
;
a2i ¼ RHx
2 sin 2hi
m2i
ði ¼ 1; 2Þ; a23 ¼ ðRP  RH cos 2h3Þx
2
m23
;
a3i ¼ ix cos himi  f
 
gi ði ¼ 1; 2Þ; a33 ¼ 0;
b1 ¼ a11; b2 ¼ a21; b3 ¼ ix cos h1m1 þ f
 
g1;in whichf ¼ hV Tx1:
The solution of this system for the reﬂection amplitude ratios, A1Bo ;
A2
Bo
and B1Bo isz1 ¼ A1
Bo
¼ P 1
Q1
; z2 ¼ A2
Bo
¼ P 2
Q1
; z3 ¼ B1
Bo
¼ P 3
Q1
; ð44Þin whichP 1 ¼ b1ða23a32  a22a33Þ þ b2ða12a33  a13a32Þ þ b3ða13a22  a12a23Þ; ð45Þ
P 2 ¼ ½b1ða23a31  a21a33Þ þ b2ða11a33  a13a31Þ þ b3ða13a21  a11a23Þ; ð46Þ
P 3 ¼ b1ða23a31  a21a32Þ þ b2ða11a32  a12a31Þ þ b3ða12a21  a11a22Þ; ð47Þ
Q1 ¼ a11ða23a32  a22a33Þ þ a12ða21a33  a23a31Þ þ a13ða31a22  a21a32Þ: ð48Þ
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Using boundary conditions (38) and Eqs. (32)–(34) we can obtain the following relations:A2
Bo
c11 þ B1Bo c12 þ
A1
Bo
c13 ¼ d1; ð49Þ
A2
Bo
c21 þ B1Bo c22 þ
A1
Bo
c23 ¼ d2; ð50Þ
A2
Bo
c31 þ B1Bo c32 þ
A1
Bo
c33 ¼ d3; ð51ÞFig. 2. Reﬂection amplitude ratio under diﬀerent initial pressure for the incident P-wave.
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2 cos2 hiþ1
m2i
þ bgi þ
ð1 2RHÞx2
m2i
 
ði ¼ 1; 2Þ; c13 ¼ RHx
2 sin 2h1
m23
;
c2i ¼ RHx
2 sin 2hiþ1
m2i
ði ¼ 1; 2Þ; c23 ¼ ðRP  RH cos 2h1Þx
2
m23
;
c3i ¼ ix cos hiþ1mi  f
 
gi ði ¼ 1; 2Þ; c33 ¼ 0;
d1 ¼ c13; d2 ¼ c23; d3 ¼ 0:Fig. 3. Reﬂection amplitude ratio under diﬀerent initial pressure for the incident SV-wave.
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B1
Bo
and A1B0 isz1 ¼ A2
Bo
¼ R1
Q2
; z2 ¼ B1
Bo
¼ R2
Q2
; z3 ¼ A1
Bo
¼ R3
Q2
ð52Þin whichR1 ¼ d1ðc23c32  c22c33Þ þ d2ðc12c33  c13c32Þ þ d3ðc13c22  c12c23Þ; ð53Þ
R2 ¼ ½d1ðc23c31  c21c33Þ þ d2ðc11c33  c13c31Þ þ d3ðc13c21  c11c23Þ; ð54Þ
R3 ¼ d1ðc23c31  c21c32Þ þ d2ðc11c32  c12c31Þ þ d3ðc12c21  c11c22Þ; ð55Þ
Q2 ¼ c11ðc23c32  c22c33Þ þ c12ðc21c33  c23c31Þ þ c13ðc31c22  c21c32Þ: ð56ÞFig. 4. Reﬂection amplitude ratio under diﬀerent thermoelastic coupling parameter for the incident P-wave.
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(i) Without hydrostatic initial stress
In this case p = 0 and here m23 ¼ RH.
(ii) Uncoupled thermoelastic
In this case e1 = 0, here m1 = 0 or m2 = 0. This shows that there exists only one reﬂected P-wave.
(iii) For the isothermal boundary conditions
In this case h!1 here the third boundary condition is reduced to
H ¼ 0 at y ¼ 0:Fig. 5. Reﬂection amplitude ratio under diﬀerent thermoelastic coupling parameter for the incident SV-wave.
M.I.A. Othman, Y. Song / International Journal of Solids and Structures 44 (2007) 5651–5664 56617.1. For the incident P-wavea3i ¼ gi ði ¼ 1; 2Þ; a33 ¼ 0; b1 ¼ a11; b2 ¼ a21; b3 ¼ a31:7.2. For the incident SV-wavec3i ¼ gi ði ¼ 1; 2Þ; c33 ¼ 0; d1 ¼ c13; d2 ¼ c23; d3 ¼ 0:
When k*! 0 Eq. (7) reduces to the heat conduction equation under the GN theory (of type II).Fig. 6. Reﬂection amplitude ratio under diﬀerent boundary conditions for the incident P-wave.
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The general Lame’s constants k and l arek ¼ Er
gð1þ rÞð1 2rÞ ; l ¼
E
2gð1þ rÞ ;where g is the initial stress parameter, E is Young’s modulus and r is the Poisson ratio. g = 1 corresponds to
the isotropic elastic medium.
The following dimensionless parameters for a generalized thermoelastic solid under hydrostatic stress are
used for the numerical computations.E ¼ 36:9 1010 Nm2; r ¼ 0:2; x ¼ 5:0; e2 ¼ 0:0198; e3 ¼ 0:05; b ¼ 1:0:Fig. 7. Reﬂection amplitude ratio under diﬀerent boundary conditions for the incident SV-wave.
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the incidence SV-wave. Here e1 = 0.0168, h = 0. From Fig. 2 we can see that for the incidence P-wave:
|z2| = |z3| = 0 when the incidence angle h = h1 = 90 and |z1| = 1, |z3| = 0 when the incidence angle h = 0.
This means that in the case of vertical incidence, there only exists one reﬂection P-wave. And in the case of
horizontal incidence, there exist two reﬂection SV-waves. Also we observed that the reﬂection amplitude ratio
|z2|, |z3| decreases with the increase of initial pressure. For curve |z1| there exist two singular points. The loca-
tion of the two points changes with the change of initial pressure. The two points divide the curves into three
regions. In the ﬁrst and the third regions the value of |z1| decreases with the increase of initial pressure. While
in the second region the value of |z1| increases with the increase of initial pressure. The value of |z2| and |z3|
decrease with the increase of initial pressure. From Fig. 3 we can see that for the incidence SV-wave:
|z1| = |z2| = 0 when incidence angle h = 0 and h = 90. And |z3| = 1 when the incidence angle h = 0 and
h = 90. That is to say, for the vertical incidence or horizontal incidence, there is only one reﬂection SV-wave.
Also we observed that for the reﬂection amplitude ratio |z1|, |z2|, there exists one singular point.
Figs. 4 and 5 give the inﬂuence of the thermoelastic coupling parameter on the reﬂection amplitude ratio for
the incidence P-wave and incidence SV-wave. Here h = 0, g1 = 1.5, RP = 0.1. We can see from the two ﬁgures
that the inﬂuence of a coupling parameter on the reﬂection amplitude ratio is very small. The thermal ﬁeld and
elastic ﬁeld is uncoupled when e1 = 0. In this case we can see there only exist two reﬂection waves. One is the
reﬂection P-wave and the other is the reﬂection SV-wave. For the incidence P-wave, the value of |z1| increases
with the increase of the coupling parameter in the ﬁrst and third regions, while decreases with the increase of
the coupling parameter in the second region. The value of |z2| increases with the increase of the coupling
parameter. With a small angle of incidence the value of |z3| decreases with the increase of the coupling param-
eter while with a large angle of incidence the trend of change is adverse. For the incidence SV-wave, the inﬂu-
ence of the coupling parameter is very small. The value of |z2| increases with the increase of the coupling
parameter. The value of |z3| increases with the increase of the coupling parameter when 0 6 h 6 37.1 while
the trend of change is adverse when 37.1 6 h 6 90.
Figs. 6 and 7 give the eﬀect of the thermal boundary condition on the reﬂection amplitude ratio for the
incidence P-wave and SV-wave. Here e1 = 0.0168, g1 = 1.5, RP = 0.1, h! 0 corresponds to the thermal insu-
lated boundary and h!1 to the isothermal boundary conditions respectively. The increase of h corresponds
to the increase of heat loss. For the incidence P-wave, the inﬂuence of h is very small to the value of |z1| and
|z3|. The value of |z2| decreases with the increase of h for a small angle of incidence and the trend of change is
the opposite for a lager angle of incidence. For the incidence SV-wave, the eﬀect of h on |z1| is negligible. The
value of |z2| increases with the increase of h. The change of h has an irregular eﬀect on the value of |z3|.
9. Conclusions
We can arrive at the following conclusions according to the analysis above:
1. The reﬂection amplitude ratios depend on the angle of incidence; the nature of this dependence is diﬀerent
for diﬀerent reﬂected waves.
2. The initial pressure has a singular eﬀect on the reﬂection amplitude ratio.
3. The thermal coupling parameter has a small inﬂuence on the reﬂection coeﬃcient ratios.
4. Under diﬀerent thermal conditions, the reﬂection amplitude ratios are diﬀerent.Acknowledgements
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